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Abstract

We study the Batch Learning Parity with Noise (LPN) variant, where the oracle returns k samples
in a batch, and draws the noise vector from a joint noise distribution D on Fk

2 (instead of i.i.d.). This
model captures a broad range of correlated or structured noise patterns studied in cryptography and
learning theory, and was formally defined in recent work by Golowich, Moitra, and Rohatgi (FOCS
2024). Consequently, understanding which distributions preserve the hardness of LPN has become an
important question.

On the hardness side, we design several reductions from standard LPN to Batch LPN. Our reductions
provide a more comprehensive characterization of hard distributions. Specifically, we show that a Batch
LPN instance is as hard as standard LPN with noise rate η := 1

2
− ε provided that its noise distribution

D satisfies one of the following:

1. The noise distributionD satisfies a mild Fourier-analytic condition (specifically,
∑

s ̸=0 |P̂D(s)| ≤ 2ε).

2. The noise distribution D is Ω(η · k2−k)-dense (i.e., every error pattern occurs with probability at
least Ω(η · k2−k)) for η < 1/k.

3. The noise distribution D is a δ-Santha-Vazirani source. Our reduction improves the allowable bias
δ from O(2−kε) (in Golowich et al.) to O(2−k/2ε).

On the algorithmic side, we design an algorithm for solving Batch LPN whenever the noise distribution
assigns sufficiently small probability to at least one point, which gives an algorithm–hardness separation
for Batch LPN. Our algorithm can be seen as an extension of Arora and Ge’s (ICALP 2011) linearization
attack.

Our reduction is based on random affine transformations, developed and analyzed through the lens
of Fourier analysis, providing a general framework for studying various LPN variants.

1 Introduction

The Learning Parity with Noise (LPN) problem asks an algorithm to solve a noisy system of linear binary
equations (or equivalently, decode from random linear codes). The problem, along with its variants, is
a central topic in post-quantum cryptography, coding theory, and learning theory. As a well-established
security assumption, LPN has various applications in cryptography [Pie12], to name a few, the construction
of pseudorandom generators [BFKL94, AIK08], pseudorandom functions [GGM86], hashing [YZW+17], and
pseudorandom codes [AAC+25].

Formally, we denote the computational problem of recovering the secret sk from samples drawn from
LPNn,η(sk) (defined below) as Search LPNn,η (or simply LPNn,η).

Definition 1.1 (Standard LPN distribution). Let n ∈ N and let sk ∈ Fn
2 be the hidden secret vector. We

define the LPNn,η(sk) distribution as the distribution of the random variable

(u, ⟨u, sk⟩+ e),

where u ∼ Unif(Fn
2 ) and e ∼ Ber(η) are independent.
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Despite its simple algebraic structure and extensive study, LPN remains computationally hard. The
most efficient algorithm for solving standard LPN with a constant noise rate remains the classical BKW
algorithm [BKW03], which requires roughly 2O(n/ logn) time and samples. Although subsequent works have
improved BKW regarding sample complexity [Lyu05] and practical runtime [LF06], these optimizations do
not improve the asymptotic time complexity.

Even in the low-noise regime, where the noise rate η approaches zero, the best known algorithm still
requires eO(ηn) time. This approach essentially involves repeatedly drawing samples until n noiseless equa-
tions are found, which occurs with probability (1− η)n ≈ e−ηn. No polynomial-time algorithm is known for
any nontrivial noise level; it is conjectured that standard LPN remains hard even for noise rates as low as
η = O(log2 n/n) [BLVW19].

LPN Variants. To better understand the hardness landscape of LPN and to construct cryptographic
primitives with specific properties, a variety of LPN modifications have been studied. On the algorithmic
side, several works have developed more efficient procedures for specialized variants, including Sparse LPN
[FKO06, BHLM25] LSPN [Val15, CSZ25], and batch LPN with structured noise under appropriate conditions
[AG11]. On the hardness side, many variants of LPN have yielded implications in a wide range of settings, for
example, researchers have also conjectured intractability for additional variants of LPN—the dense–sparse
LPN problem [DJ24] for cryptographic constructions; recent work on Batch LPN with mildly dependent noise
[GMR24b] establishes hardness results that give reductions for several learning problems. Moreover, [YZ16]
showed that LPN retains its hardness even in the presence of certain auxiliary information, by providing
reductions from these augmented settings to the base LPN problem. Very recently, [BBTV25] proved a lower
bound on the running time for Sparse LPN algorithms with an unbounded number of samples.

Batch LPN and Dependent Noise. The Batch LPN variant, in which a batch of k samples are pro-
duced simultaneously, and their noise vector e = (e1, e2 . . . , ek)

⊤ follows a joint distribution D over Fk
2 . This

model naturally captures scenarios where randomness is reused across queries, or where the noise terms
exhibit correlations rather than being independent. Such settings arise both in cryptographic construc-
tions and in learning-theoretic models of weak or structured randomness [GMR24a]. Understanding the
robustness of standard hardness assumptions—such as LPN and LWE—under these types of dependent-
noise transformations has become increasingly important. For example, [BD20] shows the hardness of LWE
with a non-uniform but high-entropy secret distribution. Similar hardness has also been conjectured in LPN
[YYLG16]. Other robustness results include [BHK+21], which examined LPN in a physical noise setting,
where error bits are not perfectly random but arise from a real source with potential biases or correlations.

Similar to the standard LPN problem, we denote the search version of Batch LPN as the computational
problem of recovering sk from the distribution LPNn,k,D(sk) (described below) as Search LPNn,k,D (or simply
LPNn,k,D).

Definition 1.2 (Batch LPN distribution). Let n, k ∈ N, sk ∈ Fn
2 , and let D be a distribution over Fk

2 . The
Batch LPN distribution LPNn,k,D(sk) is defined as

(ui, ⟨ui, sk⟩+ ei)
k
i=1,

where u1,u2, . . . ,uk are i.i.d.uniform samples from Fn
2 , and (e1, . . . , ek) ∼ D. The random variables (ui)

k
i=1

and (ei)
k
i=1 are independent.

Arora and Ge [AG11] initiated the line of study on Batch LPN. They applied linearization techniques on
a special class of distribution D they termed ”Structured Noise”, in which the support of the distribution D
must fall in the zeros of a predefined non-zero polynomial over F2[e1, e2, . . . ek]. An example of such error
distribution would be any D such that the number of errors in e1, e2, . . . ek for e ∼ D is always smaller than
k/3. While such error distribution looks similar to independent noise, their framework can achieve nO(k)

runtime on such Batch LPN instances, which is polynomial when k is a constant.
While [AG11] can be interpreted as showing LPN to be tractable for certain noise distributions with

strong dependency and within a small batch, Golowich, Moitra, and Rohatgi [GMR24a] conversely showed
the hardness when the noise is generated from a block δ-Santha-Vazirani (SV) source (a weakly dependent
source where each bit may have a weak dependency on the preceding noise bits).
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Definition 1.3 (δ-Santha-Vazirani source). A distribution D over Fk
2 is called a δ-Santha-Vazirani (SV)

source if:

Pr
x∼D

[xi = 1 | x1 = x′
1, . . . , xi−1 = x′

i−1] ∈
[
1
2 − δ, 1

2 + δ
]
, ∀i ∈ [k],∀x′

1, . . . , x
′
i−1 ∈ F2.

Their result was proven via an inductive reduction from the standard LPN of noise rate roughly η =
1
2 −Ω(2kδ), demonstrating that such weak sources still preserve the essential difficulty of LPNn,η. They also
derive hardness-based implications for learning tasks, showing a separation between reinforcement learning
and supervised learning. Another result [BLMZ19] also shows a certain hardness result for Batch LPN with
k = 2 and a certain distribution.

A natural question that arises from this line of work is:

Where exactly is the boundary between hard and easy noise distributions in Batch LPN?

In this work, we continue the study of Batch LPN with dependent noise. We provide a more comprehen-
sive characterization of noise distributions D through the lens of Boolean Fourier analysis, analyzing them
from both hardness (reduction) and algorithmic perspectives.

1.1 Main Results

Our first result establishes a general reduction that captures a broad family of dependent-noise distributions.
Roughly speaking, we show that any Batch-LPN instance whose noise distribution satisfies a mild Fourier-
analytic condition is no easier than standard LPN in the low-noise regime. This is formalized in the Theorem
below.

Theorem 1.4 (Theorem 3.1, informal). If the noise distribution D satisfies
∑

s̸=0 |P̂D(s)| ≤ 2ε, then solving
LPNn,k,D is as hard as solving standard LPNn,1/2−ε.

Following this reduction, we identify natural structural classes of noise distributions for which the con-
dition is satisfied. We remark the any noise distribution D that is δ-biased (Definition 2.2) for δ = 2ε

2k−1
satisfies the condition in Theorem 1.4.

We further compare our bound with the Santha-Vazirani sources framework of [GMR24a], and we observe
that our condition is strictly more permissive.

Remark 1.5. Any δ-SV source is a 2δ-biased source (condition on the value of x1, prove by induction);
however, a δ-biased source need not be an Ω(δ)-SV source, e.g.:

• With probability ε, x is sampled uniformly from {00 . . . 0, 11 . . . 1};

• With probability 1− ε, x is sampled uniformly from Fk
2 .

Next, we present our reductions from the low-noise regime of the standard LPN. Recall that classical LPN
exhibits a sharp algorithmic threshold: it is efficiently solvable at noise rate η = Θ( logn

n ) but conjectured to

be hard at η = Θ( log
2 n
n ). Within this broader landscape, we consider the case of low-noise but ε-dense noise

distributions, where every point in Fk
2 has probability at least ε. We show that the corresponding Batch

LPN instance retains the same hardness characteristics observed in the classical independent-noise setting.
Our next result formalizes the precise range of ε for which the hardness reduction continues to hold.

Theorem 1.6 (Theorem 4.1 and Remark 4.2, informal). If the noise distribution D is ε-dense (meaning
PD(z) ≥ ε for all z ∈ Fk

2), then solving LPNn,k,D is as hard as solving standard LPNn,η where the noise rate
is roughly η ≈ Ω(2kε/k).

On the algorithmic side, we show that if even a single point in the support of the noise has a small prob-
ability, then the Batch-LPN instance becomes efficiently solvable. Thus, as in classical LPN, the boundary
between hardness and computability is sharply determined by the effective noise mass.

Theorem 1.7 (Theorem 4.5, informal). Let D be a noise distribution such that PD(z) ≤ ε for some z ∈
Fk
2 . Then there is an algorithm for LPNn,k,D that makes exp

(
O
(
εnk22k

))
oracle queries and runs in time

exp
(
O
(
εnk22k

))
.
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Note that if we apply this algorithm to the standard LPNn,η, which can be seen as LPNn,k,Ber(η)k , we

have ε = ηk (by considering the probability of the all-ones error vector). Thus, if η = O(1/n), the above
algorithm runs in nOk(1) time. This is tight up to a logarithmic factor, in the sense that the best known
algorithm for low-noise LPN requires η = O(log n/n) to be efficient.

Finally, we also explore the inductive construction in [GMR24b], and provide a tighter analysis via Fourier
analysis.

Theorem 1.8 (Theorem 5.1, informal). If the noise distribution D is a δ-SV source with bias δ ≤ O(2−k/2ε),
then solving LPNn,k,D is as hard as solving standard LPNn,1/2−ε.

While [GMR24b] requires the condition δ ≤ O(2−kε), we give a quadratic improvement on the dependency
on k.

2 Preliminaries

In this section, we fix notation and recall standard Fourier-analytic facts used throughout the paper. In
this work, we use lowercase bold letters such as u, b, and y to denote vectors. In particular, sk represents
the hidden vector, which is called the secret. Uppercase bold letters, such as A and U, are used to denote
matrices. The letters n, m, and k denote natural numbers.

We use calligraphic letters (e.g., D,R) and Greek letters (e.g., µ) to denote probability distributions.
We use PD(x) = Pry∼D[y = x] to denote the probability mass function of some distribution D. A discrete
distribution D over a finite set X is called ε-dense if minx∈X PD(x) ≥ ε.

2.1 Fourier Analysis on the Boolean Cube

We denote χs(x) = (−1)⟨s,x⟩ as the character function. Let D be a distribution over Fk
2 , the Fourier coefficient

of D at s ∈ Fk
2 is defined as

P̂D(s) = E
x∼D

[χs(x)] =
∑
x∈Fk

2

PD(x)(−1)⟨s,x⟩,

We have basic facts that for all s ∈ Fk
2 , |P̂D(s)| ≤ 1 and P̂D(0) = 1.

A distribution D over Fk
2 is called ε-biased if |P̂D(s)| ≤ ε for all s ∈ Fk

2 \ {0}.

Definition 2.1 (δ-L1 Fourier-bounded distribution). A distributionD over Fk
2 is called δ-L1 Fourier-bounded

if ∑
s∈Fk

2\{0}

|P̂D(s)| ≤ δ.

Definition 2.2 (δ-biased distribution). A distribution D over Fk
2 is called δ-biased if

∀s ∈ Fk
2 \ {0}|P̂D(s)| ≤ δ.

2.2 Affine Reduction

We use GL(k, 2) to denote the general linear group over F2, i.e., the set of all invertible k× k matrices with
entries in F2. We will apply random affine maps of the form x 7→ Ax + b with A ∈ GL(k, 2) and b ∈ Fk

2 .
The Fourier transform behaves cleanly under such transformations.

Definition 2.3 (R-Affine Reduction). Let R be a distribution over pairs (A,b) ∈ GL(k, 2) × Fk
2 . An

R-affine reduction from a standard LPN distribution LPNn,η is the following procedure:

1. Sample (A,b) ∼ R.
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2. Draw k independent samples (ui, yi) ∼ LPNn,η for i = 1, . . . , k, and assemble them into matrices:

U :=


u⊤
1

u⊤
2
...

u⊤
k

 ∈ Fk×n
2 , y :=


y1
y2
...
yk

 ∈ Fk
2 .

3. Let U′ = AU and y′ = Ay + b. Output the batch (u′
i, y

′
i)

k
i=1.

Remark 2.4 (Expression of new noise vector and sample independence).

1. The transformed batch corresponds to the new noise vector e′ = Ae+ b.

2. Since A is always invertible and U is sampled uniformly at random, the rows of U′ remain mutually
independent and uniformly distributed over Fn

2 .

Moreover, U′ is independent of e′. This is because even conditioned on fixed realizations of A,b, and
e (which fully determine e′), the matrix U′ = AU remains uniformly distributed over Fk×n

2 due to the
bijectivity of the map U 7→ AU.

Lemma 2.5 (Fourier Coefficients under Affine Reduction). Applying an R-affine reduction to LPN
n,

1
2−ε

results in LPNn,k,D, where the Fourier coefficient of the noise distribution D is given by

P̂D(s) = E
(A,b)∼R

[
(2ε)wt(A⊤s) · (−1)⟨s,b⟩

]
, ∀s ∈ Fk

2 .

Proof. Since A is invertible, the transformed vectors u′
i are still uniformly distributed over Fn

2 .
Thus, it suffices to analyze the distribution of the new noise vector e′ = (e′1, . . . , e

′
k). Let e = (e1, . . . , ek)

be the original noise vector with independent coordinates ei ∼ Ber( 12 − ε). After applying the affine trans-
formation (A,b) ∼ R, the new noise vector is e′ = Ae+ b.

For any s ∈ Fk
2 , the Fourier coefficient is:

P̂D(s) = E
e′∼D

[(−1)⟨s,e
′⟩].

Conditioning on the choice of (A,b), we have:

P̂D(s) = E
(A,b)∼R

E
e
[(−1)⟨s,Ae+b⟩]

= E
(A,b)∼R

E
e
[(−1)⟨s,b⟩ · (−1)⟨A

⊤s,e⟩].

Taking expectation over e, and using the independence of coordinates:

E
e
[(−1)⟨A

⊤s,e⟩] =

k∏
i=1

E
ei
[(−1)(A

⊤s)i·ei ].

For each coordinate i, if (A⊤s)i = 0, then (−1)0·ei = 1. If (A⊤s)i = 1, then:

E
ei
[(−1)ei ] = (12 − ε) · (−1) + ( 12 + ε) · 1 = 2ε.

Thus, for t = A⊤s, we have:

E
e
[(−1)⟨t,e⟩] =

k∏
i=1

{
1 if ti = 0

2ε if ti = 1
= (2ε)wt(t) = (2ε)wt(A⊤s).

Putting everything together:

P̂D(s) = E
(A,b)∼R

[
(−1)⟨s,b⟩ · (2ε)wt(A⊤s)

]
,

which completes the proof.
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We also use the following straightforward lemmas and omit their proofs.

Lemma 2.6. For two i.i.d. random variables X,Y ∈ F2 sampled from Ber( 12 − δ1),Ber(
1
2 − δ2), the distri-

bution of Z = X + Y is Ber
(
1
2 − 2δ1δ2

)
.

3 Reduction from High Noise LPN to δ-Biased Distributions

Theorem 3.1. If there is an algorithm A1 that solves LPNn,k,D in time T with success probability at least p,
then there is an algorithm A2 that solves LPNn, 12−ε in time T + poly(2k, n) with success probability at least

p, provided that the noise rate 1
2 − ε satisfies∑

s∈Fk
2\{0}

|P̂D(s)| ≤ 2ε. (1)

Corollary 3.2. Any noise distribution D that is δ biased for δ = 2ε
2k−1

satisfies the condition in Theorem 3.1.

Before proving Theorem 3.1, we need two lemmas.

Lemma 3.3. For any nonzero s ∈ Fk
2 , and any sign (either + or −), there exists a probability distribution

D on Fk
2 such that,

P̂D(t) =


0 (t ̸= s, t ̸= 0),

±1 (t = s),

1 (t = 0).

Proof. When D is defined as:
PD(t) := (1± χs(t)) 2

−k.

One can verify that D is a valid distribution and has the desired Fourier coefficients.

Lemma 3.4. For any s ∈ Fk
2 \ {0} there exists A ∈ GL(k, 2) such that A⊤s = (1, 0, . . . , 0)⊤.

Proof. Extend s to a basis of Fk
2 : {s,v2, . . . ,vk}. Define the matrix M by

M :=
(
s v2 · · · vk

)
Since {s,v2, . . . ,vk} is a basis, the matrix M is invertible. Thus,

M−1M = I,

where I denotes the identity matrix. Looking at the first column of this equation, we obtain

M−1s = (1, 0, . . . , 0)⊤.

Setting A⊤ := M−1 proves the claim.

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Consider the following R-affine reduction applied to LPNn, 12−ε, where (A,b) ∼ R is
defined by the following procedure:

We sample (A,b) from 2k branches, where each branch is indexed by a vector s ∈ Fk
2 . For the branch

with index s ̸= 0:

• This branch is chosen with probability |P̂D(s)|
2ε (by the assumption (1), this is a valid probability).

• Assign a matrix As ∈ GL(k, 2) such that A⊤
s s = (1, 0, . . . , 0)⊤; such As exists by Lemma 3.4.
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• Sample b from a distribution µs such that

P̂µs(t) =


0 (t ̸= s, t ̸= 0),

sign(P̂D(s)) (t = s),

1 (t = 0).

Such µs exists by Lemma 3.3.

• Return (As,b).

Otherwise, we enter the branch with index 0 with probability 1 −
∑

s̸=0
|P̂D(s)|

2ε (this is a valid probability

by the assumption (1)). In this branch, we set (A,b) = (I,Unif(Fk
2)).

The intuition of our construction is that each branch contributes to exactly one (non-zero) coordinate of
the Fourier coefficient.

By Remark 2.4, the new noise vector e′ = Ae + b and its distribution are independent of the samples.
So it remains to verify that the resulting noise distribution Dout satisfies Dout = D. We can compute the
Fourier coefficient of e′ using Lemma 2.5, for every x ∈ Fk

2 ,

P̂Dout
(x) = E

(A,b)∼R

[
(−1)⟨x,b⟩ · (2ε)wt(A⊤x)

]
.

We consider the contribution of each branch s ∈ Fk
2 to the final coefficient. LetR|s denote the distribution

of (A,b) conditioned on the algorithm entering branch s.

For the trivial case x = 0, P̂Dout(0) = 1 holds automatically as probabilities sum to 1. We now focus on
x ̸= 0.

Case A: Branch s = 0. Under this branch, b ∼ Unif(Fk
2). For any x ̸= 0, we have:

E
(A,b)∼R|s

[
(−1)⟨x,b⟩ · (2ε)wt(A⊤x)

]
= E

b∼Unif(Fk
2 )

[
(−1)⟨x,b⟩

]
· (2ε)wt(x) = 0.

Thus, this branch contributes 0 to the coefficient P̂Dout
(x).

Case B: Branch s ̸= 0. For any x ̸= 0, we have:

E
(A,b)∼R|s

[
(−1)⟨x,b⟩ · (2ε)wt(A⊤x)

]
= E

b∼µs

[
(−1)⟨x,b⟩

]
· (2ε)wt(A⊤

s x).

Recall that P̂µs(x) = 0 if x /∈ {0, s}. Since we assume x ̸= 0, this term is non-zero only if x = s. Specifically:

E
(A,b)∼R|s

[
(−1)⟨x,b⟩ · (2ε)wt(A⊤x)

]
=

{
0 (x ̸= s)

sign(P̂D(s)) · (2ε)1 (x = s)

Weighting this by the probability of choosing branch s, which is |P̂D(s)|
2ε , this branch contributes:

{
0 (x ̸= s)

P̂D(s) (x = s)

to the coefficient P̂Dout(x).
Summing over all branches for a fixed x ̸= 0:

P̂Dout(x) = 0︸︷︷︸
Branch 0

+
∑
s̸=0

(Contribution of Branch s).

In the sum, only the term where s = x is non-zero. Therefore, P̂Dout
(x) = P̂D(x). Since P̂Dout

(x) = P̂D(x)
for all x, we conclude Dout = D.
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4 Reduction from Low-Noise LPN to ε-Dense Distributions

Theorem 4.1. Suppose D is ε-dense over Fk
2 . If there is an algorithm A1 that solves LPNn,k,D in time T

with success probability at least p, then there is an algorithm A2 that solves LPNn,η in time T + poly(2k, n)
with success probability at least p, provided that the noise rate η satisfies

1− (1− η)k ≤ (2k − 1)ε. (2)

Remark 4.2. Equivalently, in the low-noise regime η ≪ 1/k, the condition becomes approximately η =

O

(
2k

k
·minz∈Fk

2
PD(z)

)
. Note that minz∈Fk

2
PD(z) is always smaller than 2−k.

We will need two lemmas.

Lemma 4.3 (Averaging over a random invertible A). Let α ∈ [−1, 1] and let A be uniform over GL(k, 2).
For any fixed s ∈ Fk

2 \ {0},

E
A

[
αwt(A⊤s)

]
=

1

2k − 1

∑
t∈Fk

2\{0}

αwt(t) =
(1 + α)k − 1

2k − 1
.

Proof. The map A 7→ A⊤s has a uniform image over Fk
2 \ {0} for fixed nonzero s. Hence EA[αwt(A⊤s)] =

1
2k−1

∑
t̸=0 α

wt(t) = 1
2k−1

∑k
w=1

(
k
w

)
αw = (1+α)k−1

2k−1
.

Lemma 4.4 (Fourier scaling). Let D be a distribution on Fk
2 and let

PD′(z) := a
(
PD(z)− 2−k

)
+ 2−k for some a ∈ R.

Then P̂D′(0) = 1 and for every s ̸= 0, P̂D′(s) = a · P̂D(s). Moreover, D′ is a valid distribution (i.e., PD′ ≥ 0
and sums to 1) whenever a ≤ 1

1−2k minz PD(z)
.

Proof. By linearity of the Fourier transform and the fact that the uniform distribution has Fourier co-
efficients 1 at s = 0 and 0 elsewhere, the stated equations follow. For validity, note minz PD′(z) =
a
(
minz PD(z)− 2−k

)
+ 2−k ≥ 0 whenever a ≤ 1

1−2k minz PD(z)
.

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let η ∈ (0, 1
2 ) and write α := 1−2η ∈ (0, 1]. Consider the followingR-affine reduction

(Definition 2.3) applied to LPNn,η, where (A,b) ∼ R is defined as follows:

1. Sample A← Unif(GL(k, 2)).

2. Sample b ∼ D′ independently of A, from a distribution D′ to be fixed below.

By Remark 2.4, the new noise vector e′ = Ae + b and its distribution are independent of the samples. So
it remains to verify that the resulting noise distribution Dout satisfies Dout = D. By Lemma 2.5 for the
resulting noise distribution Dout we have, for every s ∈ Fk

2 ,

P̂Dout
(s) = E

A,b

[
αwt(A⊤s)(−1)⟨s,b⟩

]
=
(
E
A
[αwt(A⊤s)]

)
·
(

E
b∼D′

[(−1)⟨s,b⟩]
)
.

For s = 0, both factors equal 1, hence P̂Dout
(0) = 1. For s ̸= 0, by Lemma 4.3 we get

E
A

[
αwt(A⊤s)

]
=

(1 + α)k − 1

2k − 1
=

(2− 2η)k − 1

2k − 1
=

2k(1− η)k − 1

2k − 1
.

Define the scaling constant

a :=
2k − 1

2k(1− η)k − 1
. (3)
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With this choice and by Lemma 4.4, we set D′ so that

PD′(z) := a
(
PD(z)− 2−k

)
+ 2−k, (4)

then for every s ̸= 0 we have

P̂D′(s) = aP̂D(s) and hence P̂Dout
(s) =

2k(1− η)k − 1

2k − 1
·
(
aP̂D(s)

)
= P̂D(s).

Together with the case s = 0 this shows that Dout = D. Therefore, after the reduction the batch distribution
is LPNn,k,D exactly. Running A1 on the produced batch recovers the secret with the same success probability
≥ p.

Validity of D′. It remains to verify that D′ defined in (4) is a valid distribution. By Lemma 4.4, this
holds whenever a ≤ 1

1−2k minz PD(z)
. Using the definition (3) of a, this condition is equivalent to

2k − 1

2k(1− η)k − 1
≤ 1

1− 2k minz PD(z)
⇐⇒ (2k − 1)

(
1− 2k min

z
PD(z)

)
≤ 2k(1− η)k − 1.

Rearranging gives minz PD(z) ≥
1− (1− η)k

2k − 1
, which is the the stated hypothesis (2). Thus D′ is valid.

Given the hardness results for the low-noise LPN regime, we now point out that the same algorithm–hardness
gap also appears in the more general setting of LPN with dependent noise. Even in the classical independent-
noise case, when the noise bits are i.i.d. Bernoulli with rate η, it is known that for very low noise η ≈ log n/n
there is a simple polynomial-time decoding algorithm: by sampling a polynomial number of examples one
obtains a system containing many completely noiseless equations and can then recover the secret via Gaus-
sian elimination. At the same time, it is conjectured that LPN remains computationally hard even when the
noise rate is as small as η ≈ log2 n/n. Our dependent-noise model exhibits the same qualitative behavior,
and on the algorithmic side, we analyze a sample-and-eliminate decoder combined with the linearization
method in [AG11], which yields an efficient algorithm in the low-noise regime below.

Theorem 4.5. Let D be a noise distribution such that PD(z) ≤ ε for some z ∈ Fk
2 . Then there is an

algorithm for LPNn,k,D that makes exp
(
O
(
εnk22k

))
oracle queries and runs in time exp

(
O
(
εnk22k

))
.

Note that if we fix k to be a constant and take ε = n−k, then εnk22k is a constant, so the above bounds
yield a polynomial-time algorithm that uses only a polynomial number of samples, even in the presence of
dependent noise. The proof of this theorem is straightforward and is deferred to the appendix.

5 Reduction to δ-SV source Batch LPN

In this section, we present an improved analysis of the reduction from [GMR24b]. We define the LPN noise
parameter as η = 1

2 − ε, where ε is the bias. Our result can be summarized as follows.

Theorem 5.1. Suppose D is a δ-SV source (Definition 1.3), where δ = 2−
k−1
2 ε. If there is an algorithm A1

that solves LPNn,k,D in time T with success probability at least p, then there is an algorithm A2 that solves
LPNn,η in time T + poly(2k, n) with success probability at least p.

Our result improves the dependence of δ on k from Θ(2−kε) in [GMR24b] to Θ(2−
k
2 ε). For completeness,

we postpone the proof of Theorem 5.1, first give an overview of their reduction, and then present our
improved result.
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Overview of the reduction in [GMR24b]. The reduction simulates samples (ui,yi = ⟨ui, sk⟩+ ei)
k
i=1

from the batch instance LPNn,k,D that shares the same secret key sk, by making queries to a standard
LPNn,η oracle.

To construct the first sample (u1,y1), we need to simulate the marginal distribution of e1. Let Pr(e1 =
1) = 1

2 − δ1. The algorithm queries a fresh sample (u′,y′) from the LPNn,η oracle. It then sets (u1,y1) =

(u′,y′ + e′1), where e′1 is an additional noise bit sampled independently from Ber( 12 −
δ1
2ε ). Such a random

variable e′1 can be constructed because δ1 ≤ δ < ε. By Lemma 2.6, this successfully simulates the first
sample.

For the i-th sample (ui,yi), the algorithm first queries a fresh sample (u′,y′). It then tries to find a
distribution µ on Fi

2, and sample a vector F ∼ µ. Such that for any z ∈ Fi−1
2 , the linear combination satisfies:

Pr
F∼µ

(F0 + e1F1 + · · ·+ ei−1Fi−1 = 1 | (ej)i−1
j=1 = z) =

1

2
−

1
2 − Pre∼D(ei = 1|(ej)i−1

j=1 = z)

2ε

where F0 is an extra random bit from F. Note that µ is a fixed distribution that only depend on D, and
independent from the actual values of (ej)

i−1
j=1.

If such µ and F ∼ µ exists, then we set (ui,yi) = (u′ +
∑i−1

j=1 Fjuj ,y
′ +
∑i−1

j=1 Fjyj). This successfully
simulates the noise of the i-th sample by Lemma 2.6. And ui is also independent from all previous samples
(uj)

i−1
j=1 as u′ is sampled independently from the uniform distribution on Fn

2 .
The dependency of δ on k comes from the existence of µ. In [GMR24b], the authors show that such µ

exists if D is a δ-SV source with δ ≤ 2−k−3ε using linear algebraic arguments. Our observation is that µ can
be constructed using Fourier analysis, which leads to a simpler proof and improved parameters. Formally,
we have the following lemma.

Lemma 5.2 (Improved Lemma 3.2 from [GMR24b]). Fix k ∈ N, and pick any function f : Fk
2 → [0, 1]

satisfying ∑
z∈Fk

2

(1− 2f(z))2 ≤ 1.

Then there exists a distribution µ on Fk+1
2 such that for all z ∈ Fk

2 ,

Pr
F∼µ

(
F0 +

k∑
i=1

ziFi ≡ 1 (mod 2)

)
= f(z).

Moreover, there is an algorithm that takes f as input and samples F ∼ µ in time 2O(k).

Proof. Let g(z) := 1− 2f(z). The condition of the lemma implies
∑

z∈Fk
2
g(z)2 ≤ 1.

The idea is to construct µ such that its marginals correspond to the Fourier coefficients of g. Recall that
g(z) =

∑
s∈Fk

2
ĝ(s)(−1)⟨z,s⟩.

Let F = (F0, F1, . . . , Fk) ∼ µ. We have:

Pr
F∼µ

(F0 + ⟨z,F1..k⟩ ≡ 1 (mod 2)) = EF∼µ

[
1− (−1)F0+⟨z,F1..k⟩

2

]
=

1

2

(
1− EF∼µ

[
(−1)F0(−1)⟨z,F1..k⟩

])
.

To satisfy the lemma statement, we need this probability to equal f(z) = 1−g(z)
2 . This is equivalent to

requiring:

EF∼µ

[
(−1)F0(−1)⟨z,F1..k⟩

]
= g(z).

Let us define the distribution µ supported on vectors (b, s) ∈ F2 × Fk
2 . The LHS can be rewritten as:∑

s∈Fk
2

(µ(0, s)− µ(1, s)) (−1)⟨z,s⟩.

10



Comparing this with the Fourier expansion of g(z), it suffices to construct µ such that for all s ∈ Fk
2 :

µ(0, s)− µ(1, s) = ĝ(s).

We define the weights as follows:

(µ(0, s), µ(1, s)) :=

{
(|ĝ(s)|, 0) if ĝ(s) > 0,

(0, |ĝ(s)|) if ĝ(s) ≤ 0.

This assignment ensures µ(0, s) − µ(1, s) = ĝ(s). It remains to show that these weights can form a valid
probability distribution. The total mass required is

M :=
∑
s∈Fk

2

(µ(0, s) + µ(1, s)) =
∑
s∈Fk

2

|ĝ(s)| = ∥ĝ∥1.

By Parseval’s identity and the Cauchy–Schwarz inequality:

∥ĝ∥21 =

∑
s∈Fk

2

|ĝ(s)| · 1

2

≤ 2k
∑
s∈Fk

2

|ĝ(s)|2 = 2k · 1
2k

∑
z∈Fk

2

g(z)2 =
∑
z∈Fk

2

g(z)2 ≤ 1.

Thus, M ≤ 1. If M < 1, we can distribute the remaining probability mass 1 −M arbitrarily (e.g., equally
adding to µ(0,0) and µ(1,0)) without affecting the difference µ(0, s)− µ(1, s).

Since computing Fourier coefficients takes 2O(k) time, we can sample from µ within the required time
bounds.

With this lemma, we are now ready to verify the main theorem of this section.

Proof of Theorem 5.1. By the previous discussion, we need to construct a distribution µ on Fi
2 such that for

any z ∈ Fi−1
2 ,

Pr
F∼µ

F0 +

i−1∑
j=1

zjFj ≡ 1 (mod 2)

 =
1

2
−

1
2 − Pre∼D(ei = 1|(ej)i−1

j=1 = z)

2ε
.

Defining f : Fi−1
2 → [0, 1] as f(z) := 1

2 −
1
2−Pre∼D(ei=1|(ej)i−1

j=1=z)

2ε , we can verify that:

∑
z∈Fi−1

2

(1− 2f(z))2 =
∑

z∈Fi−1
2

(
1
2 − Pre∼D(ei = 1|(ej)i−1

j=1 = z)

ε

)2

≤ 2i−1 · δ
2

ε2
,

where the second inequality comes from Definition 1.3. As δ ≤ 2−
k−1
2 ε and i ≤ k, the above is bounded by

1. Thus, we can apply Lemma 5.2 to show the existence of µ.

6 Technical Limitations and Future Directions

In our reduction framework, the only structural tool we used for manipulating the noise distribution is an
affine transformation of the form e′ = Ae+ b, where (A, b) is sampled from a distribution over GL(k, 2)×Fk

2 .
While this approach is analytically clean and leads to explicit formulas for the Fourier coefficients of the
transformed noise, it inevitably encounters a fundamental limitation: for a random full-rank matrix A and
a random shift b, the Shannon entropy of the transformed noise vector Ae+ b is always at least the Shannon
entropy of e itself. In particular, for any (A, b) sampled from a distribution over GL(k, 2) × Fk

2 , we have
H(Ae + b) ≥ H(e), with equality only when b is fixed. Thus, our current L1 Fourier bound is already
essentially optimal under affine reductions.

A second limitation of our current analysis is that it focuses on Batch LPN instances in which the noise
is generated as a block distribution over Fk

2 . This setting naturally captures block SV sources and other
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block-structured dependencies studied in prior work such as [GMR24a] and [AG11]. However, many forms
of dependent noise arising in machine learning and cryptographic applications are not block sources, but
instead involve long-range temporal correlations (e.g. Markov dependencies), higher-order dependencies
across batches, or global constraints not expressible as a single distribution over Fk

2 . Our algorithm and
reductions do not immediately extend to these more general dependent-noise models. Expanding the theory
to these more general noise processes is a promising direction for future work.
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A Algorithms for Batch LPN

In this section, we design an algorithm for solving Batch LPN whenever the noise distribution D assigns
sufficiently small probability to at least one point. Our analysis uses the algorithm by Arora and Ge [AG11]
as a black box, which solves LPN when the noise support is contained within the zero set of a low-degree
polynomial. Their result can be summarized as follows:

Theorem A.1 ([AG11], Informal). If there is a nonzero polynomial f : Fk
2 → F2 of degree d, such that

supp(D) is contained in the zero set of f , then there is an algorithm that solves LPNn,k,D in time poly(nk)
with O(nd2k+d) samples with high probability.

Definition A.2. Let p(x) =
∑

S⊆[n],|S|≤d cS
∏

i∈S xi be a multilinear polynomial of degree d in n variables

where the coefficients cS ’s are in GF(2). The linearization of p, denoted L(p), is a linear function over the
variables yS , where S ranges over subsets of [n] of size at most d: L(p) =

∑
S⊆[n],|S|≤d cSyS .

We will assume there is a variable y∅ that is always 1, so the number of new variables is

N + 1 =

d∑
i=0

(
n

i

)
.
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Lemma A.3. [AG11] The linear system obtained by 10N2m+d samples always has at least one solution,
and with high probability (over the oracle’s random choices) all solutions to the system satisfy y{i} = ui.

In the adversarial model studied in [AG11], the admissible noise patterns are specified by a multilinear
polynomial P (η), and the correctness of their algorithm requires an additional technical condition: whenever
P (α) = P (β) = 0, the sum α + β must avoid a particular vector ρ. Intuitively, this restriction is necessary
because an adversary may examine the sample vectors ai and then select a noise pattern tailored to confuse
the learner.

In contrast, in the random-noise setting considered in our work, the noise is sampled independently of the
queries, and hence the learner never faces an adversarial choice of η. In this case, every nontrivial support
S ⊊ {0, 1}k can be represented as the zero set of some polynomial of degree at most k. The following lemma
formalizes this observation.

Lemma A.4. Let k ≥ 1 and let S ⊆ Fk
2 be a nonempty proper subset. Then there exists a nonconstant

multivariate polynomial f ∈ F2[x1, . . . , xk] of degree at most k such that, for every x ∈ Fk
2 ,

f(x) = 0 ⇐⇒ x ∈ S. (5)

In the classical low-noise regime of LPN, a well-known generic strategy is to repeatedly sample fresh
LPN instances until obtaining a subset of samples that happens to contain no errors. Concretely, one keeps
drawing pairs (ai, yi), and repeatedly selects a batch of Θ(n) equations. For each batch, one treats the
samples as if they were noiseless and attempts to solve for the secret via Gaussian elimination. If the chosen
batch contains no flipped labels, the resulting system uniquely reveals the secret; otherwise, the attempt
fails, and the algorithm simply samples another batch. Since each sample is independently uncorrupted with
probability 1 − η, a uniformly chosen batch of size n is fully clean with probability (1 − η)n, implying an
expected number of trials of (1− η)−n ≈ eηn.

Our approach follows a similar sampling method, but we leverage the linearization technique [AG11].
We repeatedly draw many random batches of k noisy samples and, for each batch, apply the transformation
that converts the k correlated labels into a single higher-dimensional linear constraint determined by the
zero-set polynomial of the noise support. Because in the random-noise setting, any non-full support admits
a representing polynomial, every batch can be processed through this linearization. This allows us to solve
on each randomly chosen batch and recover the secret once a batch yields a consistent lifted system. In this
sense, our algorithm can be viewed as a randomized batch-wise extension of the classical low-noise strategy,
replacing the requirement of “no flips” with the more flexible condition that the batch polynomial correctly
captures the noise pattern.

Theorem A.5. Let D be a noise distribution such that PD(z) ≤ ε for some z ∈ Fk
2 . Then there is an

algorithm for LPNn,k,D that makes exp
(
O
(
εnk22k

))
oracle queries and runs in time exp

(
O
(
εnk22k

))
.
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